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Abstract

In this article we study the long term behavior of the competitive system

E;_Lt‘ —v. [a(x)V%] Fumx) —u—bv) inQ, >0,
?9—1: =V [Bx)Vv]+v(m(x) —cu—v) inQ, t >0,

V£~ﬁ:Vv-ﬁ:0 ond2, t >0,
m

which supports for the first species an ideal free distribution, that is a positive steady state which matches
the per-capita growth rate. Previous results have stated that when b = ¢ = 1 the ideal free distribution is
an evolutionarily stable and neighborhood invader strategy, that is the species with density v always goes
extinct. Thus, of particular interest will be to study the interplay between the inter-specific competition
coefficients b, ¢ and the diffusion coefficients ’(x) and B(x) on the critical values for stability of semi-trivial
steady states, and the structure of bifurcation branches of positive equilibria arising from these equilibria.
We will also show that under certain regimes the system sustains multiple positive steady states.
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1. Introduction

The effect of dispersal on species interaction is an important topic in spatial ecology. In many
cases, patterns of dispersal leading to an ideal free distribution (IFD) are evolutionary stable
[5-8,10]. Here an ideal free distribution is a positive state which matches the local per-capita
growth rate, resulting in a situation whereby the species in the equation has fitness equal to zero
and exhibits no net movement. In particular, for two competitors that are ecologically identical a
competitor that can attain an IFD can exclude one that can not. However, as we will show in this
article, if the competition is not symmetric the outcome depends on both the dispersal strategies
and the asymmetry of interaction. See [14] for a related example.

We will consider a situation where the strength of interactions is allowed to vary, and one
species uses an ideal free strategy and the other uses a fickian-type diffusion. More precisely, we
consider the competition system

ou u .
M_y. [a(x)V—] Fum®) —u—bv) inQ, 1> 0,
ot m
dv .
E=V-[,3(x)Vv]—|—v(m(x)—cu—v) inQ, t>0, (L.1)
V£~ﬁ=Vv~ﬁ=0 on 0L, > 0.

m

The domain €2 is bounded, with 32 smooth and 7 the outward unit normal. The diffusion co-
efficients «(x), B(x) are smooth and positive in . The function m (x), which accounts for the
growth rate, is also smooth and positive in . The competition coefficients b, ¢ are positive and
constant. The initial conditions are assumed to be nonnegative and smooth, that is

u(x,0), v(x,0)>0 in Q. (1.2)

In this paper we analyze how the interaction coefficients b and c¢ influence the dynamics of the
system (1.1). Previous work shows that when b = ¢ = 1, then competitive exclusion holds, and
the competitor which follows the ideal free strategy prevails (see [1]). It readily follows from this
result and comparison principles that the same conclusion can be drawn for any combination of
competition coefficients with ¢ > 1 and b < 1. It is of particular interest to ask how and to what
extent this advantage derived from ideal free dispersal continues when there is a trade off relative
to competitive impact, for example when b > 1 but ¢ < 1.
To study the dynamics of (1.1) we need to consider the associated steady-state system

Lu+u(m(x) —u—>bv)=0 in L,

Mv+v(m(x) —cu —v) =0 in Q, (1.3)
—en=Vv-n=0 ondQ,

where the operators L and M are defined as:

Lu=V. [a(x)vﬁ] . Muv=V-[B(x)Vul.
m
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Since V (%) =0, Lm =0 and so m is a positive equilibrium of

uy=Lu+u(m(x)—u) in 2, t >0,

Ve . A=0 onaQ, t >0,
m

which can be regarded as an ideal free distribution. That such problems admit ideal free dis-
persal strategies was established in [3,2]. In this case, the dispersal strategy is a form of area
restricted search. Another related movement strategy which produces an ideal free distribution
as an equilibrium relative to logistic dynamics comes from combining diffusion with advection
up the gradient of logm (as in [6]). In that case, L could be taken as

Lu=pV-(Vu—uVlogm) in <,
subject to the no-flux boundary condition
(Vu —uViogm)-n=0 on <.

This system admits two semi-trivial steady-state solutions of (1.1), that is solutions of (1.3)
in which one component is positive and the other is zero. Since only the first species admits an
ideal free distribution, we have that (m(x), 0) is a semi-trivial solution of (1.3), while (0, 6) is
the other one, with 6 = m. We will see that coexistence and exclusion will depend largely on
the stability of these solutions. Specifically, we identify a parameter b, > 1 so that in the region
b < b, we have that (0, 6) is unstable, while if b > b, it is asymptotically stable. Thus, b,
accounts for the strength of the advantage of the ideal free distribution. Concerning (m, 0) we
have that it is unstable when ¢ < 1, and it is asymptotically stable for ¢ > 1.

We will use stability analysis, bifurcation theory and monotone dynamical systems theory
([13,16]) to understand the set of equilibria of (1.1). We find conditions where we get coexistence,
exclusion and multiple equilibria. In what follows we present some relevant features of the model
and results obtained.

As mentioned above, a key property of system (1.1) is that it induces a strongly monotone dy-
namical system, that is if (u1, v1) and (u2, v2) are two solutions of (1.1) with u1(x, 0) > us(x, 0),
v1(x,0) < vo(x,0) for all x € Q and (u1(-,0),v1(-,0)) #£ (u2(-,0), v2(-,0)), then u;y(x,?t) >
usr(x, 1), v1(x, 1) < vax,t) for all x € Q and ¢ > 0. Using the theory of monotone dynamical
systems, we will be able to establish results on coexistence, a priori bounds, and multiplicity of
solutions, among other observations.

The stability properties of these steady states are established in the following proposition:

Proposition 1.1. For all 0 < ¢ < 1, the steady state (m, 0) of (1.1) is unstable, while it is linearly
asymptotically stable for ¢ > 1.

There exists a bey > 1 such that for all 0 < b < b, the steady state (0, 0) of (1.1) is unstable,
while it is linearly asymptotically stable for b > b,.

As we will see in Section 2, with the aid of this proposition we obtain that for 0 < ¢ < 1 and
0 < b < b, there exists a stable positive steady state solution, and for ¢ > 1 and b > b, there
exists an unstable positive steady state of (1.1). The values ¢ = 1 and b = b, are critical, and
bifurcation occurs in both cases. Indeed we have:
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Theorem 1.2. For any b > 0, bifurcation of positive solutions of (1.3) from (m,0) occurs as
the parameter c crosses 1. Moreover, the set of positive solutions near (m, 0) is described by a
smooth curve (u(e), v(e), c(e)) where u =m + w(e), v =v(e) with

w(e) =ebn+ew(e); v=ec+ecv(e)andc=1+4y(e),

where n <0, w(0) =v(0) =0 and y (0) =0.

Analogously, for any ¢ > 0, bifurcation of positive solutions of (1.3) from (0,60) occurs as
b crosses bey. The set of positive solutions near (0,0) is a smooth curve u = epy + ew(e),
v="0+¢eyo+ez(e) for b=>b. + (&), with w(0) =z(0) =0, §(0) =0, g9 > 0 and Yy < 0.

The direction taken by the bifurcation branches, namely the sign of y(¢) and §(¢) above, is
key to determining the stability properties of the bifurcating solutions, due to the principle of
exchanged stability. This direction is determined by the value of the parameter b in the case of
the bifurcation from (m, 0), and ¢ in the case of (0, ). More precisely, we have the following
result:

Proposition 1.3. There exists a b* > 1 such that the bifurcating solutions (m + w(e), v(g)) of
(1.1) for c =1+ y (¢) as described in Theorem 1.2, are unstable for b > b*, and locally asymp-
totically stable for b < b*.

Similarly, there exists ¢* > 0 such that the bifurcating solutions (epg + ew(e), 0 + ey +
ez(¢€)) of (1.1) for b = b, + 8(¢) as above, are unstable for ¢ > c*, and locally asymptotically
stable for ¢ < c*.

As stated, the coefficients b* and ¢* play an important role in the dynamics of (1.1). Moreover,
depending on the relationship between b, and b* as well as 1 and ¢*, we can possibly have cases
where there are two ordered steady states of (1.1) that share the same stability properties: either
both unstable, or both locally asymptotically stable and then, by some properties of monotone
dynamical systems, another positive equilibrium of (1.1) exists. We explore this situation in
Section 5, where we parametrize the diffusion coefficients, to construct such examples in limiting
cases.

Theorem 1.4. Consider a(x) = pao(x) and B(x) = vBo(x), where [, v are positive parameters.
We have the following examples, where multiple positive steady states of (1.1) arise:

a) There exists a number by > 0 such that for b € (1, b1) we can find o, vo, so that for all
0 < u < o, v > v, there is a ¢ > 0 for which the corresponding system (1.1) admits two
positive steady states, one unstable and one locally asymptotically stable.

b) There exists a number by > 0 such that for b € (1, by) there are o, Vo So that for all u > o,
0 < v < vy, there is a ¢ > 0 for which (1.1) admits two positive steady states, one unstable
and one locally asymptotically stable.

Finally, we point out that in certain cases, whenever one of the competition coefficients is
large and the other is in a certain range, no positive solution of (1.3) exists. In this situation,
competition drives the dynamics. More precisely, we have the following result, which we prove
in Section 3.
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Theorem 1.5. There exists b* > 0 such that for all b > b* and 0 < ¢ < 1 the system (1.1) does not
admit a positive steady state. Similarly, there is ¢* > 0 so that nonexistence also occurs whenever
c>c*and0<b <b,,.

In the case when 0 < ¢ <1 and b large, the global attractor of (1.1) is (0, 8), while when
0 <b < b, and c is large the global attractor is (m, 0).

In Section 6 we discuss the results obtained, providing examples of several configurations
regarding the steady state structure of (1.1) in the (b, ¢) parameter space.

2. Preliminary results
In this section we will state some basic facts that are needed for characterizing coexistence

regions. We start by observing that by using the change of variables U = .- and V = v we have
that system (1.1) is equivalent to

aa—lt] = %V Ja(x)VU]I+U(m(x) —mU —bV) inQ, t >0,
aa—‘t/zv-[ﬂ(x)VV]+V(m(x)—ch—V) in 2, t >0, 2.4

VU -n=VV-n=0o0ndR, t >0.
By standard theory system (2.4) is competitive and the induced semiflow strongly monotone.
Using this, we can proceed as in Lemma 5.4 of [9] to conclude that (1.1) is strongly monotone
as well.
Lemma 2.1. Let (u;, v;) fori = 1,2 be two solutions of (1.1), with

u1(x,0) > ur(x,0), vi(x,0) <va(x,0) forallx € Q

and (uy(-,0), v1(-,0)) # (u2(-, 0), v2(-, 0)). Then ui(x,1) > uz(x,1), vi(x,1) <va(x,1) for all
xeQandt >0.

The other important issue is to characterize the linear stability of the two semitrivial steady
state solutions of (1.1), namely (m, 0) and (0, ), where 9 is the unique positive solution of

Mv+vm(x)—v)=0inQ, Vv-n=0 ondQ. 2.5)

Indeed, as stated in the following result, characterizing the stability properties (m, 0) and (0, 6)
is key for establishing the existence of positive steady state solutions of (1.1).

Proposition 2.2. We have that

(1) if (m,0) and (0, 0) are unstable, then there exists a stable positive equilibrium of (1.1);

(2) if (m,0) and (0, 0) are stable, then there exists an unstable positive equilibrium of (1.1);

(3) if (1.1) does not admit a positive steady state solution, then one of the semi-trivial steady
states is unstable and the other one is globally asymptotically stable.
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This lemma can be proved following Theorem 8 of [1]. The following results establish the
linear stability of (i, 0) and (0, 6).

Lemma 2.3. For all 0 < ¢ < 1, the steady state (m,0) of (1.1) is unstable, while it is linearly
asymptotically stable for ¢ > 1.

Proof. We proceed as in Lemma 5.5 of [9]. The linearization of (1.1) at the steady state (m, 0)
is given by the triangular system

Lo —me —bmy = Ap in L,
My +m(l —c)Yy =Ay in Q, (2.6)
V%ﬁ:Vzﬂﬁ:O on 9Q2.

If ¢ < 1 then the second equation admits a principal eigenvalue Ao > 0 with corresponding
eigenfunction {9 > 0. In this case, for a fixed ¥y > O the first equation is solvable, with the
corresponding ¢g < 0. Then (m, 0) is unstable.

When ¢ > 1 then the principal eigenvalue of the second equation of (2.6) is negative. Thus, if
(2.6) admits an eigenvalue A with a positive real part, then the corresponding ¥ = 0, and then ¢
has to be a solution of

Lo —mp=»Lp inQ,Vg-ﬁzo on 9.
m

Since the principal eigenvalue of this equation is negative, we conclude that ¢ = 0 as well, which
contradicts the fact that A is an eigenvalue. 0O

Lemma 2.4. There exists a b, > 1 such that for all 0 < b < b, the steady state (0, 0) of (1.1) is
unstable, while it is linearly asymptotically stable for b > b,,.

Proof. Analogously to the proof of Lemma 2.3 the linearized stability of (0, ) is characterized
through the sign of the principal eigenvalue of the equation

Lo+om—b0)=h¢ inQ, VL. 4=0 ondQ, 2.7
m

namely, (0, 6) is unstable if the principal eigenvalue of (2.7) is positive and asymptotically stable
if it is negative. Now, we have that there exists a unique b, > 0 such that the principal eigenvalue
of (2.7) corresponding to b = b, is 0. To verify that b, > 1, we multiply the equation (2.7) by %,
with ¢ the corresponding positive eigenfunction, and integrate over €2 obtaining that

2 2
fm(m—bcre)dx:_/a(x)’vf’ T dx <o,
ml ¢
Q Q

Jo m?
and hence, b, > Tomo:
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Integrating (2.5) with v = 0 yields [, m6 = [, 6. Consequently,

2 2

/92=/m9§ /m2 /92 ,
Q Q

Q Q

and then [, 02 < Ja m?. Hence, boyr > 1.
Finally, by comparison the principal eigenvalue of (2.7) is positive when 0 < b < b, and
negative if b > b,,. This concludes the proof. O

Using a variational formulation of a weighted principal eigenvalue problem, we obtain that
b can be expressed as:

2.8)

ber = sup |: f me(pz
Q

— Jqa@®)|Vel> + [ m?p?
peWL2(@)\{0}

This formula will be used later to estimate b, .
Observe that using Lemma 2.3, Lemma 2.4 and Proposition 2.2, we have the following basic
existence result:

Proposition 2.5. For 0 < b < b, and 0 < ¢ < 1 the system (1.1) admits a stable positive equi-
librium, and for b > b, and c > 1 it admits an unstable positive equilibrium.

Another important tool for the construction of the regions of existence is the method of upper
and lower solutions, which holds since we can work with the equivalent system (2.4).

Lemma 2.6. Suppose that (uy, vy), (uz, v2) satisfy 0 <uj <up and vy > v, >0in Q and

Luy +ui(m(x) —uy —bvy) <0, Luy +ur(m(x) —uz —bvy) >0 in Q,
Mvy +vi(m(x) —cu; —v1) >0, Mvy+vy(m(x) —cuy —vy) <0 in 2, 2.9)
VaL.i<0,V22.2>0, Vo -n>0, Vva -1 <0 ond<,

then there exists a solution (u*, v*) of (1.3) with u; < u* <up and vy > v* > v,.

As a consequence of this result, and the strong maximum principle, we have the following a
priori bound for the steady states of (1.3).

Corollary 2.7. If (u*, v*) is a nonnegative equilibrium of (1.3), then u* <m and v* < 6. More-
over, if u* and v* are positive then u* < m and v* < 6.

Furthermore, we have a comparison lemma for coexistence states.
Lemma 2.8. [f the system (1.3) has a coexistence state for parameters (b, ¢) = (b, ¢) with b < b,

and ¢ > 1, then (1.3) has a coexistence state for parameters (b, ¢) = (b, &) with & € (0, 7). Also
we have a coexistence state for (b, c) = (b, c) with b € (b, by).
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Recall if b < b, ¢ < 1 then there exists a coexistence state for the system (1.3) by Proposi-
tion 2.2, so we will study the case when (m, 0) and (0, 8) have different stabilities.

Proof. Let (iz, v) be a coexistence state for parameters (b, ©), so that for & € (0, &) we have that

Lii + ii(m(x) — it —bv) =0 in £,
Mo+ 0(m(x) — it — v) > 0 in €,

hence (i, v) is an upper solution of system (1.3) with parameters (b, &).
On the other hand, since b < b, the problem:

Lo+ @(m—bd)=xr¢p inQ, vZ . i=0 on 9%,
m

has a principal eigenvalue Ao > 0 with a respective eigenfunction ¢g > 0. If ¢ > 0 is small enough
then (e@p, ) satisfies

L(ego) + epo(m(x) — epp — bO) = ego(ho — £9p) > 0 in Q,
MO +0(m(x) —cepyg—0) = —ecOpg <0 in Q,

therefore (e, 6) is a lower solution and since epg < u and v < 6 for ¢ small enough, we
conclude that there exists a coexistence state for (b, c¢) = (b, ¢). The proof of the other case is
similar. O

We also have the following result.

Lemma 2.9. [f the system (1.3) has a coexistence state for parameters (b, ¢) = (b, &) withb > b,
and ¢ < 1, then (1.3) has a coexistence state for parameters (b, ¢) = (b, ¢) with ¢ € (¢, 1). Also
we have a coexistence state for (b, c) = (b, c) with b € (0, b).

3. Nonexistence of positive steady states

We will prove that if one of the competition coefficients is large then no positive steady states
exist for system (1.1), and thus one of the semi-trivial steady states is the global attractor for the
system.

Theorem 3.1. There exists b* > 0 such that for all b > b* and 0 < ¢ < 1 the system (1.1) does
not admit a positive steady state.

Proof. We will prove the result by contradiction. Suppose that we have a sequence (uy,, v,) of
solutions of (1.3), with u,, > 0, v,, > 0, corresponding to the parameters 0 < ¢, < 1 and b,, — oo.
Without loss of generality, we can assume that ¢, — ¢, with 0 <¢ < 1.

Integrating the first equation of (1.3)

/un(m(x) —uy —byv,)dx =0, (3.10)
Q
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so that
1 2
Upvydx = ™ (mx)u, —u,)dx.
Q " a

Since by Corollary 2.7 we have that u,, v, are bounded, we conclude that fQ upv,dx — 0 as
n — oo and u,v, — 0in LP(2) for all p > 1.

Using the above bound we obtain that, except possibly for a subsequence, there exists v €
W2P () such that v, — 7. Indeed, we have that v, satisfies

Mvuv, + v,(m(x) — cuity, —v,) =0in 2, Vv, -7 =0 on 3L,

and because v, is bounded and u, v, — 0 in L?(£2), we can use Sobolev’s imbedding theorems
and elliptic regularity estimates to conclude the convergence of a subsequence of {v, }. Moreover,
taking the limit in the above equation, we obtain that v > 0 satisfies the equation

Mv+vim—v)=0inQ, Vv-n=0 on 9L,

and thus we have that either v =6 or v = 0. If v = 6, then for n large enough, m —u, —b,v, <0,
which contradicts (3.10). Therefore, v = 0.
Consider now w,, = szzjﬁ and write system (1.3) in terms of u,, and w, as

Luy +up(m(x) — uy — byl|vp|loow,) =0in £,
Mw, + w,(m(x) — cpity — ||vnlloowy) =0 in 2, (3.11)
Vit .i=0, Vw, -71=0o0ndQ.

Without loss of generality, we need to consider two cases:

Case 1 b,||v,]loo —> 00 as n — o0.
Case 2 b,||vy||loc = d as n — oo, with d > 0.

If Case 1 holds, because ||v,||co — 0, we can proceed as before to prove that, except possibly
for a subsequence, w, — w in W2P () with @ solution of

Mw+mw=0inQ, Vw-1n=0o0n 9.

If we integrate this equation on 2 we obtain that w = 0, contradicting the fact that ||w,||cc = 1.
Therefore, Case 2 holds.

Observe that since u,,, w, and b,||v,||s are bounded, we have that u, is also bounded in
W2P(), and as before we can conclude that up to a subsequence, (u,, w,) — (i, w) with
O0<u<m,w>0and w0, with (u, w) a solution of:

Lu+u(m(x) —u —dw)=0in Q, V& .4 =0o0ndx.
m (3.12)

Mw+wm(x) —cu)=0in Q, Vw-n=00n 9.
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If c <1thenm —cu > (1 — ¢)m > 0, thus we must have that w = 0, which is a contradiction.
Hence, ¢ = 1 and since m — u > 0 we can integrate the second equation of (3.12) to get that
u = m and as a consequence w = 1. Replacing i, w in the first equation of (3.12), we obtain that
d=0.

We define ¢, = m(x) — u,. We already proved that ¢, > 0 and ¢, — 0 as n — oo. If we
integrate the first equation of (3.11), we obtain by a simple computation

/un‘Pndxan||vn||oo/unwndX,

Q Q

whence we deduce that for n large

/(pndxzbn||vn||oo|9|8a (3.13)
Q

where § = ming m (x)/ maxg m(x).

Integrating the second equation of (3.11) we find that

/wn((l —cp)m + cp@n — ||vplloown) dx =0,
Q

whence
/annfpndxwan((l_Cn)m+cn§0n)dx=||vn||oo/w5dx-
Q Q Q

Because ¢, — 1, w, — 1, we can deduce from the last inequality that

1
EfwndxSfcnwnwndx§2|lvn||oo|§2|, (3.14)
Q Q

for n large enough. Finally, combining (3.13) and (3.14) we obtain

vnlloo
bullvplloo < ———,

8
which contradicts b, — co. O
We have a similar result when c is large.

Theorem 3.2. There exists ¢* > 0 such that for all ¢ > ¢* and 0 < b < b, the system (1.1) does
not admit a positive steady state.

Proof. Suppose that we have a sequence (u,, v,) of positive solutions of (1.3) with respective
parameters_b,l, ¢, such Ehat 0 < b, < b, and ¢, — oco. Without loss of generality, we can suppose
that b, — b, with0 < b < b,.
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By using the same technique as in the proof of the previous theorem, we conclude the result

3474
for b < by Suppose now that b = b.,, so that by the same idea we get (u,, v,) — (0,6) in
, so that by Sobolev’s embeddings and elliptic regularity we get ¢, — ¢

W2P(Q) and ¢, ||un|loo = 0 as n — oo.
Un
[lunlloo

Consider ¢, =
in W27 (), which is solution of the problem:
-n=0 ond%,

§|‘S|

Lo+ @(m(x) —be0) =0inQ, V

and ¢ > 0 by the maximum principle. On the other hand consider w, = v, — 6, so that w, <0

and satisfies:
Mw, +w,(m —20) = w,% + cullunlloown@n + cullunlloc@@y in

{an -n=00n0dgQ.
By elliptic estimates, there exists C > 0 independent of n, such that

||wn||2,p = C(||wr2,||p +Cn||un||oo||wn(ﬂn||p +Cn||un||oo||0‘ﬂn||p)
is uniformly bounded. Now write system (1.3) in

As w, — 0 we conclude that &, = Cn”"fm
terms of ¢, and &, as
Loy + @p(m(x) — ber) = (by — ber)0@n + bycyllunlloodn + ||”n||oo§03 in Q,

Mg, + &,(m —20) = wpé, + wupn + 0@y in 2,

V& . 4 =0, V& -2 =00n0Q.
We get that, except possibly for a subsequence, &, — & since &, is uniformly bounded. The

function £ is solution of the problem:
M& +E(m(x) —20) =09 inQ, V& -i=0 ondL,
% , we get by integrating and

If we multiply the equation of ¢, by % and the equation of ¢ by
Enpn® + / §0r2¢ @
m m

Q

and £ < 0 by the maximum principle.

subtracting that:
ualle | nbi [
Q

Pn b _

(bn - bcr) /
m
Q
In this equality, the left-hand side is non-positive since b, < b, and for n large enough the
O

right-hand side is strictly positive, which is a contradiction.
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4. Bifurcating solutions from the semitrivial steady states

In this section we are going to characterize the positive solutions of (1.3) which bifurcate from
the semitrivial solutions (m(x),0) and (0, #). For this we will apply the Crandall-Rabinowitz
Theorem directly to system (1.1) in order to obtain the bifurcating solutions, and to characterize
their stability. We can do this, since we can make the change of variables U = - and V = v to
obtain the equivalent system (2.4) which has regular Neumann boundary conditions, but is not in
divergence form.

4.1. Local bifurcating solutions from (m(x), 0)

By Lemma 2.3, bifurcation of positive steady states from (m(x),0) can only occur when
c = 1. We start by fixing b > 0 and setting the following:

X ={(w,v) € WHP(Q) x W»P(Q) / VL .4A=Vv-i=0 ondQ},

4.15
Y =LP(Q) x LP(2), (+-15)
with p > N and the map F : X x R — Y given by
_( Lu+u(m —u— bv)
F(u’v’c)_(Mv—l—v(m—cu—v))' (4.16)

By definition, (u,v) is a solution of (1.3) if and only if F(u,v,c) = 0. Observe that
F(m,0,c)=0.

To apply the Crandall-Rabinowitz local bifurcation result, we need to study
Ker (D(u,U)F(m,O, 1)) and Range (D(u,v)F(m,O, l)), which are characterized in the next
lemma.

Lemma 4.1. We have that

Ker (D(,,,U)F(m, 0, 1)) ((bn, 1)) and

N (4.17)
Range (D,v) F(m,0,1)) ={(f.8) €Y / [o8dx =0},
where n < 0 is the unique solution of
Lp—mn=minQ, V>.i=0 ondQ. (4.18)
m

Proof. To simplify notation, set Lo = D,,y) F (m, 0, 1). After some standard computations, we
obtain that

Lol ) = (ﬁfw*m(_‘” - ”‘”) , (4.19)

thus, if (¢, ¥) € Ker (L) then v is constant and Ly — mg = bmr, whence the characterization
of Ker (Lg) given in (4.17) follows.
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To obtain Range (Lo) we need to find all (f, g) € Y, such that there is (¢, ¥) € X for which

Lo+m(—¢p—by)=f, and My =g.
The second equation above is solvable if and only if fQ g =0, and since L — m 1is invertible
the first equation has a unique solution once we have determined . Hence, Range (Lo) =
{(f.9) €Y/ [, g=0}, which concludes the proof. O
Proposition 4.2. There exists a neighborhood U of ((m,0), 1) in X x R such that the only so-

lutions of (1.3) in U are {(m,0)} x R or along a smooth curve I' = {(u(e),v(e),c(e)): ¢ €
(—e&0, €0)} for some gy > O where u =m + w(e), v =v(e) with

w(e) =ebn+ew(e), v=c+ev(e)andc=1+y(e),
and w(0) =v(0) =0 and y (0) =0.

Proof. Since

Ker (Du,v) F(m, 0, 1)) = {(bn, ),
to apply the Crandall-Rabinowitz Theorem we just need to check that

D{y.0).c)F(m.0.1)(bn. 1) ¢ Range (D) F(m, 0, 1))
After a simple computation, we obtain that D(z(u ) C)F (m,0,1)(bn, 1) = (0, —m), and since
fQ —m(x) < 0 we obtain the desired result. O

We define the positive and negative branch given respectively by:

I ={(u(e), v(e), c(e): e € (0, )}

4.20
I = ((w(e), v(e), c(e)) : & € (—e0, 0)) (420)

As we are interested in positive solutions, from now we will only focus in the positive branch ',
The following proposition establishes the stability properties of the bifurcating solutions of

(1.3).
Proposition 4.3. Ser

« 12|
b* = —-—, 4.21)
Jo—ndx
where 1 is defined in (4.18). The bifurcating positive solutions (m + w(e), v(¢)) of (1.3) for
¢ =1+ y(¢e) as given in Proposition 4.2, are unstable for b > b*, and locally asymptotically
stable for b < b*. Also b* > 1.
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Proof. By the principle of exchanged stability, we just need to obtain the direction of the bifur-
cation branch according to the parameter y. From this result and Lemma 2.3, we will have that
the positive bifurcating solutions are unstable whenever for ¢ > 0 we have y (¢) > 0, and locally
asymptotically stable when for ¢ > 0 it holds that y(¢) < 0. Replacing v(¢) = ¢ + ev(e) and
u =m + ebn + ew(e) in the corresponding equation of (1.3), and then dividing by ¢ we obtain:

Mv(e)+[—y(e)m— 1+ y(e))(ebn+w(e)) —e—ev(e)]l(1 4 v(e)) =0in Q.

Replacing v = v1 4+ ev(e), w = wy + ew(e) and y (¢) = ey) + €y (¢) in the equation above, and
considering the highest order term we have that

Mvy +[—-yim —bn—1]1=0 in Q.

Since 33’;1 =0 on 02, we can integrate the equation above to obtain that
/ylm—bn— 1dx =0,
Q

whence

_ _fQ(bn + 1) dx

B Jomdx
Thus, if we set b* as in (4.21) we have that: if b > b*, y; > 0 and then c =1 + y (¢) > 1, while
if b <b*, y; <0Oandthenc=1+4 y(¢) < 1, for all ¢ > 0, as claimed.

Finally, let us prove that b* > 1. Observe that multiplying the equation (4.18) by % and
integrating over €2, we obtain

—/ot(x)‘V%‘2 dx—fnzdx:/ndx,

Q Q Q

1
thus [, n*dx < [, —ndx, whence [, n*dx < ([on?dx)? |Q|%, and then

/n2dx<|sz|.

Q
On the other hand,
U o]
= | ,
Ja=ndx = (j i ax)? o)}
1
[2]2

and using the previous inequality, we conclude that b* > >1. O

(Jo 2 dx)?
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4.2. Local bifurcating solutions from (0, 0)

To study the bifurcation branch from (0, 8) we proceed as above. By Lemma 2.4 such bifur-
cation of positive steady states can only occur when b = b... We set some new variables

v=0+4z,b=be +8, with z~0, § ~0. (4.22)

We define X and Y asin (4.15), and the map G : X x R — Y as

_(Lu+u(@m—u— (b +68)(0 +2))
G(M’Z’(S)_<Mz+9(—z—cu)+z(m—G—Z—cu)>' (4.23)
By definition, (u,v) is a solution of (1.3) if and only if G(u,z,8) =0 with z, § as in
(4.22). As before, to establish the existence of a bifurcating branch we need to characterize

Ker (D(M,Z)G(O, 0, O)) and Range (D(M,Z)G(O, 0, 0)).
Lemma 4.4. We have that

Ker (Du,2)G(0,0,0)) = ((¢o, ¥0)) and

Range (D, G(0,0,0)) ={(f.g) €Y / [o 2 fdx =0}, (4.24)
where o > 0 is a positive solution of
Lyo+ (m — b0)po =0 in 2, V% -n=0 ondQ, (4.25)
and Yy < 0 is the unique solution of
Mg+ Yyo(m —20) =cOqy in 2, Vipg-n=0 ondQ. (4.26)
Proof. After some straightforward computation we have that
D GO.0.0) 00 = (474 e T ) 427)

Since the equation
My +(m—=20)¢y =finQ, Vy-n=0 ondQ,

is solvable for any f € C 0.14(Q), we have that (4.24) follows, with ¢, Vo defined as in (4.25),
(4.26). O

Observe that we can write ¥y = c& where

ME +E(m —20) =60¢@yin Q, VE-A=0 ondQ. (4.28)
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Proposition 4.5. There exists a neighborhood U of ((0,0), ber) in X x R, such that only pos-
itive solutions of (1.3) in U are {(0,60)} x R or along a smooth curve T' = {u(e), v(e), b(e)) :
& € (—e&9, 80)} for some g9 > O withu = e +ew(e), v =0+ ey +ez2(e), b = by + 8(¢), with
w(0) =z(0) =0 and §(0) =0.

Proof. By Lemma 4.4 to apply the Crandall-Rabinowitz Theorem we just need to check that

DZ.1).5G(0.0,0) (g0, Yo) ¢ Range (D, 1)G(0,0,0)).

After a simple computation, we obtain that

D(2<w,v>,6)G(0’ 0, 0) (90, ¥0) = (—¢0b, 0),

and (—¢o0, 0) ¢ Range (D, G (0, 0,0)) since

2
0
/@(—woe)dx:/—&dx <0. O
m

m
Q Q

Proposition 4.6. Set

f <p_8 dx
cr=—dam T (4.29)

2 b
ber [ 205 dx

where @o and & are as defined in (4.25) and (4.28) respectively. The bifurcating solutions (e +
ew(e), 0 + e+ ez(¢)) of (1.1) for b = ber + 8(e) as given in Proposition 4.5, are unstable for
¢ > c¢*, and locally asymptotically stable for ¢ < c*.

Proof. As in the proof of Proposition 4.3, we just need to obtain the direction of the bifurcation
branch according to the parameter §. From Lemma 2.4 we will have that the positive bifurcating
solutions are unstable whenever for ¢ > 0 we have §(¢) > 0, and locally asymptotically stable
when for ¢ > 0 it holds that §(¢) < 0. To determine the sign of §(¢) we consider a first order
expansion of §(¢), w(e) and z(¢):

5(e) = &8 +&8(e), W(e) =cw; +e(e), 7(c) = ez1 + £2(e),

with §(0) = 0, W(0) = 0 and £(0) = 0. Setting u = egy + 2wy + B(e)), v =0 + ey +
€2(z1 + 2(e)) and b = b + €(81 + 8(¢)) in (1.3), and then computing the &2 terms, we obtain
that (wq, z1) satisfy:

Lwi +wi(m — ber0) = @o(@o + 610 + ber o) in Q,
Mz 4 z1(m —260) — cOwy = Yo(Yo + cpp) in 2, (4.30)
V% -n=Vz;-n=0 ondQ.
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Thus, using (4.27) we can write this system as

D(u,5G(0,0,0)(wi, z1) = @%(&)01 SCIZJ berdo) ) |

so, the right hand side of the above equation must belong to the range of D, ;)G (0, 0, 0), which
using (4.24) is equivalent to having §; satisfy

/ %((00(900 + 810 + berfg)dx =0,
Q

so that by replacing o with c§€ we obtain that

m m

2 3 2
0
81 dex:— /@dx—l—cbcr/@dx
m
Q

Q

3
Since fQ :’;—‘1’ dx >0 and fQ (pgs dx < 0 there exists a unique c¢* given by (4.29) for which §;
changes sign. Indeed, for ¢ > ¢* we have that §; > 0 and then §(¢) > 0O for ¢ > 0, while for
¢ < ¢* we have that §; > 0 and so §(¢) < 0 for ¢ > 0. This concludes the proof. O

4.3. Global bifurcation

Now, we will prove a result concerning the continuation of the local bifurcation branch from
(m, 0).

For this section consider V = {(u,v,c) € X Xx R: u > 0,c¢ > 0} and » > 0 fixed. From [8]
section 6, we have the following proposition. The best current version of the underlying global
bifurcation theory can be found in [15].

Proposition 4.7. Let TV, '™ be the two branches of solutions defined in (4.20). Then T'" and
'™ are contained in C, where C is a connected component of S with § = {(u,v,c) e V:
F(u,v,c) =0, (u,v) # (m,0)}). Let C™ be the connected component of C\I'" containing T'*.
Then C™ satisfies one of the following options:

(i) It is not compact in V.
(ii) It contains a point (m, 0, c) with ¢ # 1.
(iii) It contains a point (u, v, c) where (u,v) # (m,0) and (u,v) € Z, where Z is any comple-
mentary space of {((bn, 1)).

We must determine which of the options holds for C*. First, we need the following lemmas.
Lemma 4.8. For all ¢ we have that (0,0, ¢) ¢ S.
Proof. Suppose there exists a sequence (i, v,,c,) in V converging to (0,0,¢) in X x R, so

that for n large enough we have u, (m — u, — bv,) > 0. On the other hand, by integrating the
first equation of (1.3) we get that fQ u,(m — u, — bv,) =0, which is a contradiction. O
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Lemma 4.9. Let (u, v, c) € CT be such that ming v =0, then (u, v) = (m, 0).

Proof. The function v satisfies:

Mv+v(m —u—cv)=0in Q,
Vv-n=0 ondS.

By maximum principle we conclude v = 0 and u satisfies:

Lu—(m—u)u=0in Q,
=0 on Q.

As u >0 we conclude that u =m or u =0. By Lemma 4.8 we getu =m. 0O

Proposition 4.10. The connected component C* is not compact in V. Moreover; if (u, v,c) € C*
then v > 0.

Proof. By Proposition 4.7 we must rule out the options (ii) and (iii).
In X x R consider the sets A, B given by:

A={(u,v,c) eCt: minv>0}, B={(u,v,c)eCt: minv <0}
Q Q

As bifurcation of positive steady states from (m(x), 0) only occurs when ¢ = 1, we conclude that
A=AU{(m,0,1)} and B contains B plus possible solutions of the form (m, 0, ¢) with ¢ # 1
by Lemma 4.9. If both A, B were non-empty then C* would be the union of two disjoint closed
sets, contradicting the connectedness of C*. As A contains I't', we conclude that B is empty.
This rules out option (ii) and proves positivity in the variable v.

In order to rule out (iii), choose as complement of ((bn, 1)) the space given by Z =
{(u,v)ye X: fQ v = 0} and suppose we have a solution (u, v, c¢) as asserted in (iii). In particular,
we have that ming v < 0. Take (uq, vo, co) € '™ so that ming vo > 0, then by the intermediate
value theorem we get that there exists (11, v1, c;) € CT such that ming vy = 0, so by Lemma 4.9
we get (41, v1) = (m, 0). Notice that ¢; # 1 because C*T\{(m, 0, 1)} is connected, as the only so-
lutions in CT close enough to (m, 0, 1) are in ' and we can restrict to CT\{(m, 0, 1)}. Therefore
we conclude that option (iii) implies option (ii) that was ruled out. O

By Corollary 2.7 the set of positive steady states is uniformly bounded in X. Using Sobolev
embeddings and elliptic regularity, we conclude that non-compactness of C* in V means that
u — 0,c — 0 or c - co. We must determine which of the cases occurs in terms of parameter b.

We start by studying the case when u — 0:

Lemma 4.11. Let (u,,, vy, ¢,) be a sequence in CT such that u, — 0 in Wz’P(Q) and ¢y, is
bounded, then v,, — 6 in Wz’p(Q) and b = b,.

Proof. Without loss of generality we can assume c¢,, converges to some ¢. Consider ¢, =
and write system (1.3) in terms of ¢, and v, as:

_Un_
[unloo
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Loy + @n(m(x) —uy, —bv,) =0in Q,
Mv, + v,(m(x) — cyu, —v,) =0 in L,
V& . 4 =0, Vv, -1 =0o0ndQ.

By Sobolev embeddings and elliptic regularity we can assume there exists (¢, v) € X such that
(¢n, vn) = (@, D). Note that v satisfies:

M+ d(m(x) — ) =0 in Q,
Vv-n=0o0noaQ.

By Lemma 4.8 we get v =6, so ¢ satisfies:
Lo+ om(x)—5b0)=01in 2,
i fp( ) ) 4.31)
VE£.74=00n0Q.

We conclude that ¢ is a positive eigenfunction of problem (2.7) where the corresponding eigen-
value equals zero. This implies b = b.,.. O

Proposition 4.12. Consider b = b., and suppose there exists a sequence (i, v, ¢,) in Ct such
that u, — 0. Then v, — 6 and ¢, — c*, where c* is the value defined in (4.29).

Proof. By Theorem 3.2 we get the sequence ¢, must be bounded and without loss of generality
we can suppose ¢, — ¢, for some ¢ > 0. Let ¢, = —2—. Using the same arguments as in the

[unlloo

proof of Lemma 4.11 we get (¢,,, v,) = (¢, 6) in X, where ¢ is solution of (4.31) with b=b.
and ||@]loo = 1.
Now define w, so that v,, = 6 + w,, so that the equation of ¢, may be written as:

Loy +@n(m(x) — ber0)pn = tn@n + berwy @y in L,
V& . ji=0ondgQ.

¢

and equation (4.31) by %, we get by subtracting and integra-

If we multiply this equation by
tion by parts that:

/Mnﬁl)n(ﬂ dx—i—bcr/ Wy Pn P dx =0. (4.32)

m m
Q Q

Next, we rewrite the equation of v, in terms of w, as:

Mw, + (m —20)w,, = w,% + c 0 + cpuwy, in 2,
Vw, -n=0o0ndQ.

Then there exists C > 0, independent of n such that

lwall2.p < CUlwpllp + callunbllp + cullnwallp).-
p p P p
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Using this estimate and the fact that (u,, w,) — (0,0) in X, we get ¥, = ”M’:ﬁ is bounded
uniformly. Also v, satisfies the equation:

My, + (m — 20)Yry, = Ynwy + Cr@n6 + cpun Yy, in 2,
Vi, -i=0o0n dQ.

By Sobolev embeddings and elliptic regularity argument we can suppose that v, — ¥ in
W2P (), where ¥ is solution of the problem:

My + (m —20)¢ = @b in Q,
Vi - =00n 9.

Therefore ¥ = c&, where £ < 0 is solution of the equation (4.28). Finally, dividing equality
(4.32) by ||un|lco and taking limit we get:

-3 -2
/(p—dx—l—bcré 5" 4x =0,
m m
Q Q

So we obtain ¢ = ¢* as defined in (4.29). O
Now, we must study the case when ¢ — 0.

Proposition 4.13. Suppose there exists a sequence (i, vy, c,) in C such that ¢, — 0. Then
b < ber, v, > 0 and u, — u where u is the unique positive solution of:

Liu+ (m—b0 —iu)u=0inSQ,
uﬁ Em uyu in 4.33)
2 -n=00ndQ.

Proof. By Sobolev embeddings and elliptic regularity we can suppose that (u,, v,) — (&, V)
in X, with (i, v) satisfying that:

Lii +ii(m — it —bv) =0in Q,
M+ 5(m—19)=0=0 in Q,
VL.74=0, Vi-i=0o0ndQ.

From the second equation of this system we get v =0 or v = 6. If v =0 we have u = m by
Lemma 4.8, so this implies that (m, 0, 0) € C*, which contradicts that option (ii) in Proposi-
tion 4.7 does not hold. Therefore, we have v = 6.

Observe that equation (4.33) has a positive solution if and only if b < b.,. If # = 0 then
b =b. by Lemma4.11 and ¢, — ¢* by Proposition 4.12, which is a contradiction. Therefore u
must be a non-trivial solution and necessarily b < b... O

Finally we study the case when ¢ — oo.

Proposition 4.14. Suppose there exists a sequence (uy, Uy, ¢,) in CT such that ¢, — oo, then
b > b and u, — 0.
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Proof. By Theorem 3.2 we get that b > b.,. On the other hand, (u,, v,) satisfies the system:

Lu, +u,(m(x) —u, —bv,) =01n Q,
Mv, + v,(m(x) — chu, —v,) =0 in L,
Vit .i=0, Vv, -n=0o0n 3.

We get by integrating the second equation that fQ unv, — 0. Using Sobolev embeddings and
regularity theory we can suppose that u,, — it in W>?(2), where i is solution of the equation:

Lii + ii(m(x) — it) = 0 in €,
VL. 74=0, on Q.

Then we have u = 0 or u = m. If u = m, then for n large enough we have that v,(m — c,u, —
v,) < 0 and on the other hand, by integrating the equation of v,, we get fQ v, (m—cpuy, —v,) =0,
which is a contradiction and therefore 1 =0. O

Respecting the convergence of v,, we have following result:

Proposition 4.15. Under the same hypothesis of previous proposition, the sequence cyu, is uni-
Un

formly bounded. Consider ¢, = —*— and d € R a limit point of c,||un||oo- Then d > 0 and the

[lun || oo

sequence (¢, vn) has a limit point (¢, v) in X, which satisfies the system:

Lo+ o(m(x) —bv) =0in <2,
Mv+v(m(x) —v—dp)=0 in L, (4.34)
VE.ji=0, Vi-i=0o0nd%.

Proof. Observe that (¢,, v,) satisfies the system:

Loy + @n(m(x) — ||unlloo@n — bvy) =0in £,
Muvy, + v, (m(x) — vy — cpllunlloown) =0 in L, (4.35)
V& . 4 =0, Vv, -i1=0ondQ.

By Sobolev embeddings and elliptic regularity we observe that up to a subsequence ¢, — ¢
in W27 (). Suppose that c,||un||sc — oo then by integrating the equation of v,, we get that
Jo ®nvn — 0. This implies that Ly +m@ = 0 and [, m@ =0, which is a contradiction because
¢ >0 and ||¢||cc = 1. Hence, the sequence c,u,, is uniformly bounded and v,, has a limit point
U in W22 ().

Let d be a limit point of the ¢, ||u,||co, then (@, v) satisfies the system (4.34). If d = 0 we get
by Lemma 4.8 that v = 6 since u,, — 0. Then by the equation of ¢ we get b = b, which is a
contradiction and therefore d > 0. O

In the case when ¢ — oo, we might have more than one limit for the sequence v,.
From the results of this section, we have proved the following theorem:
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Theorem 4.16. For the connected component C, the following assertions hold:

(i) b= b if and only if the case u — 0 holds and c remains bounded in C™*. In this case
Ct=CTU{(0,6, c*)}, in other words (m, 0, 1) connects with the equilibrium (0, 0, c) only
at ¢ =c*.

(ii) b < bey if and only if the case ¢ — 0 holds. In this case ct=ctu {(u, 0,0)}, where u is
the unique positive solution of equation (4.33).

(iii) b > b, if and only if the case ¢ — o0 holds. In this case we have also the case u — .

For the parameter ¢ fixed, we have the corresponding results for the global bifurcation from
(0,8, b.r), by studying the functional G defined in (4.23).

Theorem 4.17. Let B be the connected component containing the branch of positive solutions
(u, v, b) bifurcating from (0,0, b.,) and excluding the negative ones. The following assertions
hold:

(i) ¢ =1 if and only if the case v — 0 holds and b remains bounded in BT. In this case
Bt =BT U {(m, 0, b*)} with b* defined in (4.21). In other words (0,0, b.,) connects with
the equilibrium (m, 0, b) only at b = b*. L

(ii) ¢ < 1ifand only if the case b — 0 holds. In this case Bt = B* U {(m, v, 0)}, where v is the
unique positive solution of the problem.

{Mﬁ—i—((l—c)m—ﬁ)f):OinQ, 4.36)

Vv-n=0o0ndQ.

(iii) ¢ > 1 if and only if the case b — oo holds. In this case we have also the case v — 0.

5. Existence of multiple positive steady states

The key to providing examples for which equation (1.1) exhibits at least two positive steady
state solutions is to construct bifurcating solutions from (m,0) which are unstable or locally
asymptotically stable, in parameter regions where (0, 9) shares the same stability properties.
Since these solutions are ordered we can conclude the existence of a third steady state lying
strictly between those, using a similar result as Proposition 2.2. To achieve this, it is key to
estimate b* and b, which we will be able to do in certain situations. We consider a (x) = uag(x)
and B(x) = vBo(x), where u, v are positive parameters, yielding

Lu=puV-ao(x)V=L and Mv = vV - Bo(x) V.
m

We define 0(v) and n(w) as the corresponding solutions of (2.5) and (4.18) respectively. The
coefficient b*(u) defined in (4.21) is given by

1S

PH(u) = ———
= Jon(u)dx

(5.37)
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while the coefficient b., (i, v) can be written as

ber(p,v) = sup (5.38)

—1 [qa0()|Ve|?dx + [om?e?dx
PeW12(2)\{0}

Jomb(v)p?dx
5.1. Existence of multiple solutions when . ~ 0 and v ~ 00

In this subsection we will study b*(u) and b, (1, v) in this case. For that we need to state the
behavior of 8(v) and n(w).

Lemma 5.1. Let n(w) be the solution of

uV - ao)VL —mn=m, inQ, VL. i=0o0nQ. (5.39)
m

I

Then n() — —1 uniformly as u — 0.

The lemma can be proved using some standard comparison arguments by constructing ap-
propriate sub-super solutions. As a direct corollary of this lemma, we obtain the behavior of

b*(w).
Corollary 5.2. We have that lim,, .o b*(u) = 1.

Next, we establish the behavior of 6(v) as the diffusion coefficient v — co.
Lemma 5.3. We have that 6 (v) — ﬁ fQ m(x)dx in C2*(Q) as v — oo.

Proof. We have that 0(v) satisfies

WV - Bo(x)VOOW) + () (m(x) —O(v)) =0 in Q, VOW)-A=0 on d. (5.40)

By the maximum principle we have that [|6(v)||eo < max g m(x). Then, multiplying (5.40) by
6 (v) and integrating in 2 we get

/ﬂo(x)|V9(v)|2dx —0asv— oo.
Q

Then, there exists a constant C such that, except possibly for a subsequence 6(v) — C in
W12(Q). By elliptic regularity estimates and Sobolev imbedding theorem, we also have that
the convergence is in C2MQ). Integrating (5.40) we have that

/(m —0()o(v)dx =0. 5.41)
Q
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Thus taking the limit we get that [ (m — C)Cdx =0, so either C =0 or C = ‘1@' Jomx)dx.
The case C = 0 cannot happen since in this case

(m —6(v))0(v) > 0 for all large v,
contradicting (5.41). Hence we have the desired limit. O

The following lemma is a well known result that will be useful to study b, (i, v) in the
limiting cases.

Lemma 5.4. For f € L*°(Q2) we have that

2
d
sup 7&2 fo7dx

=] flloo-
pel2(Q) fsz‘ﬂzdx

The next result gives the limiting behavior of b (i, v) as w — 0 and v — oo.

Proposition 5.5.

|€2]
Jom@x)dx’

ber (e, v) = |lmlloo

as u— 0 and v — oo.

Proof. For V € C(Q), V > 0 define

Ju(V) = sup
peW1:2()\{0}

_ 2 2 2
{ﬂkwmwmd*”wnww] (5.42)

JomVe?dx

Observe that J, (V) increases as u decreases to 0, then

2 2 2
m dx m dx

limy, o J, (V) = sup fﬁi(p fﬁi(pz
PeW12(Q)\{0} o JamVe?dx peL2(Q)\{0} JomVe?dx

m, 2
T dx
= sup Ja Ve

7l
=%/ =%,
per2@n\(0) Jo®?dx Vileo

where in the last equality we have used Lemma 5.4. By Dini’s theorem, we have that if K is
a compact subset of C(2) then J, (V) — Jo(V) as u | O uniformly in K. Hence, since by
Lemma 5.3 we have that 6 (v) — ﬁ fQ m(x) dx uniformly as v — oo, we obtain:

d
lim waW=h<kmx>=‘

u—>0v—o00 |22

mIQI |€2]
Mmoo Jomdx’

concluding the proof. O



3488 R.S. Cantrell et al. / J. Differential Equations 265 (2018) 3464-3493

Note that since m is positive and nonconstant

1€2]
ber(0,00) = ||m||oom > 1,
Q

hence b, (i1, v) > 1 uniformly for p small and v large.

Theorem 5.6. Set b € (1, b. (0, 00)). There exists (Lo, Vo such that for all 0 < u < o, v > vy,
there exists ¢ for which the corresponding system (1.1) admits two positive steady states, one
unstable and one locally asymptotically stable.

Proof. Observe that for such b, it holds that 5*(u) < b < b, (i, v) for pu small and v large
enough. For such b, u and v fixed we have that by Proposition 4.3, the bifurcating solutions
u(e) =m+w(e), v=wv(e) for c =1+ y(¢e) given in Proposition 4.2, are unstable. On the other
hand, because b < b, (i, v) the solution (0, 8(v)) is unstable as stated in Lemma 2.4. Then, we
have an ordered pair of steady states (0,0 (v)) < (u(e), v(¢)) of (1.1) which are unstable. By
Theorem 10.2 and Corollary 7.6 in [12] we conclude that for ¢ = 1 + y (¢) the system (1.1) has
an stable equilibria (&, v) which satisfies (0,0 (v)) < (4, v) < (u(e),v(e)). O

5.2. Existence of multiple solutions when v ~ 0 and p ~ oo

As before, to establish the existence of two positive steady states for (1.1) we need to study
b*(w) and bey (1, v).

Lemma 5.7. We have the following limits:
a) n(u) = —m Jgmdx uniformly as jt — o0
n(u ToTds y as :

b) 6(v) — m uniformly as v — 0.

The proof of this lemma is standard and will be omitted. As a corollary we obtain the behavior
of b*(1).

Corollary 5.8.
Q 2d
lim b (u = 2o dx
e (Jgmdx)
Observe that
Q 2d
b*(00) = "fﬂ—m; > 1 (5.43)
(Jom dx)

Now we estimate b, (i, V).

Proposition 5.9. As  — 0o and v — 0 we have that be, (i, v) — 1.
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Proof. Set ¢, , to be a principal eigenfunction associated to b,,, that is a positive solution of

1Y oV 4 g, (m(x) = b 8(1) =0 in @, VL

-n=0 ond%, (5.44)

satisfying [|¢, v]loo = 1.
Now, observe that by Lemma 5.4 we have

2.2

m-@~dx

ber(u,v) < sup Jom’e 3 =H -
PeWL2(2)\{0} meG(V)QD dx 9(\))

‘ ’
o

and by Lemma 5.7 we obtain that b (u, v) is bounded independent of © and v.

Proceeding as in Lemma 5.3, and using Lemma 5.7 and the boundedness of b, (i, v), we can
show that ¢, , converges uniformly, up to a subsequence, to a constant C as ;4 — oo and v — 0.
Since ||@;v|lco = 1 we have that C = 1.

Finally, we integrate (5.44) in €2 to obtain

/@u,v(m —ber (e, 0)0(v)) dx =0,
Q

and by Lemma 5.7 we have that 6 (v) — m as v — 0 from which we conclude that b, (i, v) — 1
asu—>ooandv—0. O

Theorem 5.10. Set b € (1, b*(00)), with b*(0c0) defined in (5.43). There exists g, vy such that
for all u > o, 0 < v < v, there exists c for which the corresponding system (1.1) admits two
positive steady states, one unstable and one locally asymptotically stable.

Proof. We proceed as in the proof of Theorem 5.6. By Corollary 5.8 and Proposition 5.9, it holds
that b, (i, v) < b < b*(u) for p large and v small enough. For such b, u and v fixed we have that
by Proposition 4.3, the bifurcating solutions u(¢) =m +w(e), v =v(¢) forc = 1+ y (¢) given in
Proposition 4.2, are locally asymptotically stable. On the other hand, because b < b, (i, v) the
solution (0, 8(v)) is also locally asymptotically stable as stated in Proposition 2.4. Then, we have
an ordered pair of steady states (0, 6(v)) < (u(e), v(e)) of (1.1) which are stable. By Theorem 4
in [11] we conclude that ¢ = 1 + y (¢) the system (1.1) has an unstable equilibria (i, v) which
satisfies (u(¢e),v(e)) < (u,v) < (0,6(v)). 0O

6. Concluding observations

In (1.1) with b = ¢ = 1, ideal free dispersal holds an evolutionary advantage over fickian dis-
persal, being both an evolutionary stable strategy and a neighborhood invader strategy. Allowing
b and c to take in arbitrary positive values enables us to explore how and to what extent this
advantage, which is based on the ability to match resources, broadly translates into an ecological
advantage.

There are two aspects that are both rather immediate and striking. First of all, competitive
exclusion of a fickian disperser by an ideal free disperser continues to hold whenever ¢ > 1
and b < 1. This feature follows from having the result hold when b = ¢ = 1 and comparison
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principles. The second aspect concerns invasibility of the semi-trivial equilibria (m(x),0) and
(0,60(x)). Here (m(x),0) can be regarded as an ideal free distribution where as (0, 0(x)) can
not. Both these equilibria are invasible under weak competition. Here, when 0 < b < 1, the ideal
free disperser can increase if it is introduced at low densities when the fickian disperser is at
its spatially varying carrying capacity 6(x). Likewise, when 0 < ¢ < 1, the fickian disperser can
increase when it is introduced at low densities whenever the ideal free disperser perfectly matches
resources at its spatially varying carrying capacity m(x).

Once the competitive impact of the ideal free disperser on the fickian disperser becomes strong
(i.e. ¢ > 1), the ideal free dispersal strategy is no longer invasible by the fickian dispersal. On the
other hand, the ideal free dispersal strategy can invade the fickian dispersal strategy for values
of b up to some critical value b, > 1, so that it can invade in the presence of strong compe-
tition up to some extent. One consequence here is that (1.1) exhibits permanence or uniform
persistence when 0 < b < b, and 0 < ¢ < 1. In particular, a monotone dynamical system ap-
proach may be employed to conclude that (1.1) exhibits a global attracting order interval, i.e. is
compressive [4].

When ¢ > 1 and b > b,,, both semi-trivial equilibria for (1.1) are locally asymptotically sta-
ble, and it follows that (1.1) must have an componentwise positive equilibrium. On the other
hand, when the competitive impact of the fickian disperser allows invasion by the ideal free dis-
perser (actually when b € [0, b.,]), a componentwise positive equilibrium is not possible once
¢ > c*, with ¢* > 1, and thus (m(x), 0) is globally asymptotically stable. Likewise (0, 6(x)) is
global asymptotically stable for 0 < ¢ < 1 when b > b* > b., > 1.

As noted in Section 4, bifurcation from the semi-trivial steady state (m(x), 0) to component-
wise positive steady states of (1.1) occurs along the line ¢ = 1, while bifurcation from the steady
state (0, 0(x)) to componentwise positive steady states of (1.1) happens when b = b.-. These bi-
furcations create the possibility of multiple positive equilibria for (1.1). For b small, bifurcation
from (m(x),0) is in the decreasing direction with respect to the ¢ parameter and the resulting
positive equilibria are stable as solutions of (1.1), whereas for large values of b, the direction is
increasing with respect to ¢ and the resulting equilibria are unstable as solutions of (1.1). The
value of b (i.e. b*) where the direction of bifurcation switches depends on the operator L and the
function m but is independent of M and 6, while the value b., depends on L, m and 6 (and hence
by extension M). As observed, b* > 1 and clearly b* < b*. But, as we show in Theorems 5.6
and 5.10, we can have b* < b or b* > b.,. Corresponding results can be obtained for the bifur-
cation from (0, 6(x)). However, in this case ¢* depends on L, M, m, 6 and b, and we have not
been able to determine the value of ¢* relative to 1. In particular, we do not know whether we
can have cases where ¢* < 1 and other cases where ¢* > 1.

So let us suppose that 1 < b* < b.,. Then for values of b € (b*, b.,), the bifurcation from
(m(x), 0) to componentwise positive steady states of (1.1) tracks initially in ¢ in the increasing
direction with the corresponding positive steady states unstable as solutions of (1.1). These pos-
itive steady states continue as long as ¢ remains positive. There are no such steady states for
this value of b for ¢ > ¢*. Consequently the continuum of positive steady states C*, extend up-
wards in ¢ to some maximum value c,,q, (b) < ¢*, exhibits a saddle node bifurcation and extends
downward in ¢ to ¢ = 0. Consequently, (1.1) has at least two steady states for this value of b
when ¢ € (1, ¢jax (b)). We have that (1.1) is permanent for ¢ € (0, 1) and that the component-
wise positive steady states approach (u, ) as ¢ — 0, where u is the unique solution of (4.33).
Note that # — 0 as b 1 b.,. The track of this continuum of componentwise positive steady states
is illustrated in Fig. 1.
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Fig. 1. The curve ST accounts for {(||u||0o. ) : (u,v,c) € CT} with Ct defined in Proposition 4.7.
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Fig. 2. The curve ST accounts for {(||u||oo, ¢) : (#, v, c) € CT} with Ct defined in Proposition 4.7.

If b* > by, bifurcation from (m(x),0) to componentwise positive steady states of (1.1)
is initially decreasing in ¢ for values of b € (b.y, b*) and positive steady states are locally
asymptotically stable as solutions of (1.1). The continuum C* cannot exit the region of com-
ponentwise positive solutions through values of ¢ that approach 0, since b > b.,. So there must
be cnin(b) € (0, 1) where there is a saddle node bifurcation in terms of ¢, and the continuum
continues through increasing values of ¢ as ¢ — oo. This guarantees multiple componentwise
positive equilibria for ¢ € (¢yin(b), 1). The track of this continuum of positive steady states is
illustrated in Fig. 2.

Analogous results hold relative to bifurcation from (0, 8 (x)) to componentwise positive steady
states of (1.1) when either ¢* > 1 or ¢* < 1. As noted, we can not determine whether one or both
of these alternatives are possible. However for the sake of argument, assume that 1 < b* < b,
and c* > 1 in this case, Fig. 3 gives a schematic overview of our results in terms of the b¢ — plane
in Fig. 3.

In region (I) there is stable coexistence via pairwise invasibility, while in (IIT) there is unsta-
ble coexistence via stability of both semi-trivial equilibria. In regions (II) and (IV) one of the
semi-trivial steady states, (0, 8(x)) and (m(x), 0) respectively, is globally asymptotically stable
via competitive overmatch of the non-ideal free disperser or the ideal free disperser. In (V) we
have that (m(x), 0) is globally asymptotically stable (advantage of ideal free dispersal). In the
region (A) multiple componentwise equilibria occur.
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Fig. 3. Schematic in (b, ¢) parameter space of steady states of (1.1) in the case where 1 < b < ber and 1 < ¢*. Vertical
arrows indicate direction of bifurcation from (m(x), 0) at ¢ = 1 and horizontal arrows indicate direction of bifurcation
from (0, 6(x)) at be-. Multiple componentwise positive equilibria occur in region (A).
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